
�TûM/B+2 :

1+m�+BQM2b /B72`2M+B�H2b UAAV

1M 2bi2 �M2tQ /2b�``QHH�KQb K�b H� i2Q`ő� /2 H�b 2+m�+BQM2b /B72@
`2M+B�H2b Q`/BM�`B�b, T�b�KQb /2 mM� p�`B�#H2 /2T2M/B2Mi2 � p�`B�b, �
bBbi2K�b /2 2+m�+BQM2b /B72`2M+B�H2bX

RX 1H KQ/2HQ S`2/�/Q`@S`2b� UQ /2 GQiF�@oQHi2``�V
1H T`BK2` bBbi2K� /2 2+m�+BQM2b /B72`2M+B�H2b [m2 KQ/2H� mM bBbi2K�

#BQHƦ;B+Q +QKTH2DQ 2b 2H /2 ǳGQiF�@oQHi2``�Ǵ, b2 miBHBx� T�`� /2b+`B#B`
H� 2pQHm+BƦM /2 mM 2MiQ`MQ 2M 2H [m2 /Qb 2bT2+B2b +QMpBp2Mc mM� /2 2HH�b
�+iȹ� +QKQ /2T`2/�/Q` v Qi`� +QKQ T`2b� U2H 2D2KTHQ K�b ?�#Bim�H
[m2 b2 /� 2b 2H /2 xQ``Qb v +QM2DQbVX

amTQM;�KQb [m2 x(t) /2MQi� H� TQ#H�+BƦM /2 H� 2bT2+B2 ǳT`2b�Ǵ 2M 2H
KQK2MiQ t v [m2 y(t) /2MQi� H� TQ#H�+BƦM /2 H� 2bT2+B2 ǳT`2/�/Q`ǴX G�
2+m�+BƦM /B72`2M+B�H /2 GQiF�@oQHi2``� [m2 /2b+`B#2 H� 2pQHm+BƦM +QMDmM@
i� /2 H�b /Qb 2bT2+B2b b2 #�b� 2M H�b bB;mB2Mi2b bmTQbB+BQM2b UbBKTHBbi�b-
+H�`Q 2bi�V,

RX G� TQ#H�+BƦM /2 T`2b�b +`2+2- bBM KB`�` H� BMi2`�++BƦM +QM HQb
T`2/�/Q`2b- 2M T`QTQ`+BƦM � bm i�K�ƢQ- Tm2b iB2M2 �HBK2MiQ
bm}+B2Mi2 UTQM;�KQb- v2`#�VX 1M `2�HB/�/- H�b Km2`i2b 2bi�M
BM+HmB/�b 2M 2bi2 �T�`i�/Q- Tm2b #�bi� `2/m+B` 2H BM+`2K2MiQ
T�`� BM+HmB`H�bX

kX G�b T`2b�b- �/2K�b- Km2`2M +QKQ +QMb2+m2M+B� /2 b2` pő+iBK�
/2 mM /2T`2/�/Q`X 1biQ Q+m``2 +QM mM� T`Q#�#BHB/�/ +QMbi�Mi2X

jX G� TQ#H�+BƦM /2 /2T`2/�/Q`2b Km2`2- 2M �mb2M+B� /2 BMi2`�++BƦM
+QM H�b T`2b�b- 2M T`QTQ`+BƦM � bm i�K�ƢQX

9X GQb T`2/�/Q`2b bQHQ b2 KmHiBTHB+�M 2M T`QTQ`+BƦM � H�b T`2b�b
[m2 +QK2MX

1bi�b +m�i`Q `2;H�b 2H2K2Mi�H2b UBMbBbiBKQb- Kmv bBKTH2bV- b2 i`�b@
H�/�M � 2+m�+BQM2b +QKQ b2 2tTHB+� � +QMiBMm�+BƦMX S2b2 � HQ 2H2K2Mi�H
/2 H� /2b+`BT+BƦM- 2H KQ/2HQ- +QKQ b2 p2`� T`2b2Mi� T`QTB2/�/2b BMi2`2@
b�Mi2bX

.2H TmMiQ R b2 /2/m+2 [m2 2tBbi2 mM� +QMbi�Mi2 α > 0 i�H [m2
ẋ(t) = αx(t) + . . .

R
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/QM/2 HQb TmMiQb /2MQi�M Qi`� 2tT`2bBƦM [m2 ?�#`� [m2 /2b+m#`B`X aB
bQHQ b2 impB2`� 2bi� 2+m�+BƦM- ?�#`ő� mM +`2+BKB2MiQ /2 T`2b�b 2tTQM2M@
+B�H UH� 2+m�+BƦM ẋ(t) = αx(t) iB2M2 +QKQ bQHm+BƦM x(t) = Keαt- /QM/2
K 2b 2H p�HQ` BMB+B�HVX

.2H TmMiQ j b2 /2/m+2 [m2 2tBbi2 mM MȹK2`Q γ > 0 i�H [m2
ẏ(t) = −γy(t) + . . .

B;m�H [m2 �Mi2b T�`� H�b T`2b�bX 1biQ ?�+2 [m2- /2 TQ` bő- HQb /2T`2/�@
/Q`2b /2+`2x+�M b2;ȹM mM� H2v 2tTQM2M+B�H M2;�iBp�X

1b 7�+BH +QMp2M+2`b2 /2 [m2 H� T`Q#�#BHB/�/ /2 [m2 mM /2T`2/�/Q`
b2 2M+m2Mi`2 +QM mM� T`2b� 2M �H;ȹM Hm;�` /2H i2``2MQ 2b T`QTQ`+BQM�H
�H T`Q/m+iQ /2H MȹK2`Q /2 T`2/�/Q`2b v /2 T`2b�bX S2`Q +QKQ MQ iQ/Q
2M+m2Mi`Q KmimQ i2`KBM� 2M mM� +�x�- b2 KQ/2H� H� T`Q#�#BHB/�/ /2
[m2 mM T`2/�/Q` +QK� � mM� T`2b� +QKQ mM� +QMbi�Mi2 β TQ` /B+?Q
T`Q/m+iQ, βx(t)y(t) U+QM β > 0VX SQ` Qi`Q H�/Q- 2H ?2+?Q /2 [m2 mM
/2T`2/�/Q` b2 �HBK2Mi2 MQ ;�`�MiBx� [m2 b2 `2T`Q/mx+�c ?�`2KQb [m2
2biQ Q+m``� +QM mM 7�+iQ` δX �bő- HQb TmMiQb bmbT2MbBpQb [m2 ?2KQb
/2D�/Q �``B#� ?�M /2 bmbiBimB`b2 TQ` −βx(t)y(t) U2M H� T�`i2 /2 H�b
T`2b�bV v TQ` δx(t)y(t) U2M H� T�`i2 /2 HQb /2T`2/�/Q`2bVX a2 Q#iB2M2 2H
bBbi2K� /2 2+m�+BQM2b /B72`2M+B�H2b /2 GQiF�@oQHi2``�,

URV
ẋ(t) = αx(t)− βx(t)y(t)

ẏ(t) = −γy(t) + δx(t)y(t)

kX *ƦKQ b2 �THB+� >2mM �H bBbi2K� S`2/�/Q`@S`2b�
1M Hm;�` /2 i`�i�` /2 BKTH2K2Mi�` 2H �H;Q`BiKQ /2 1mH2` v Hm2;Q

2H /2 >2mM T�`� mM bBbi2K� /2 2+m�+BQM2b- /2b+`B#BKQb /B`2+i�K2Mi2 2H
b2;mM/Q U�bő [m2 2H T`BK2`Q [m2/� BM+HmB/Q 2M ûHVX *QKQ v� b2 2tTHB+Ʀ-
2H �H;Q`BiKQ /2 1mH2` 2b +�bB bB2KT`2 BM�/2+m�/QX

1M 2H KQK2MiQ 2M [m2 �T�`2+2 K�b /2 mM� p�`B�#H2- HQb +�H+mHQb b2
KmHiBTHB+�M T2`Q H� }HQbQ7ő� 2b bB2KT`2 H� KBbK�, /Bb+`2iBx�` H� p�`B�#H2
BM/2T2M/B2Mi2 2 B` T�bQ � T�bQ bBM T`2+BTBi�`b2X

1H S`Q#H2K� /2 *QM/B+BƦM AMB+B�H 2b,{
ẋ = 0.8x− 0.4xy x(0) = 18
ẏ = −2y + 0.2xy y(0) = 3

UHQb p�HQ`2b BMB+B�H2b 2M mM bBbi2K� S`2/�/Q`@S`2b� bB2KT`2 b2 +QM+B#2M
+QKQ /2MbB/�/2b /2 TQ#H�+BƦM- MQ +QKQ MȹK2`Qb �#bQHmiQb- Tm2b bB 7m2`�
2biQ HH2;�`ő�KQb � TQ#H�+BQM2b /2 ǳK2/BQ xQ``QǴ Q ǳ/Qb+B2MiQb +QM2DQb
v +m�`iQǴVX

G� p�`B�#H2 BM/2T2M/B2Mi2 2b 2H iB2KTQ- [m2 /2MQi�KQb +QM mM� tX
6BD2KQb mM� /Bb+`2iBx�+BƦM- TQ` 2D2KTHQ h = 0.25 v +�H+mH2KQb /Qb
T�bQb UK�b b2`ő� /2K�bB�/Q T2b�/QVX
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G� ȹMB+� /B72`2M+B� +QM 2H +�bQ /2 mM� p�`B�#H2 2b [m2- 2M +�/� T�bQ-
?�v [m2 ?�+2` i�MiQb +�H+mHQb +QKQ p�`B�#H2b /2T2M/B2Mi2bX .Qb T�`�
2bi2 2D2KTHQX

G� 7mM+BƦM [m2 /� H� /2`Bp�/� /2 x +QM `2bT2+iQ � t 2b f(t, x, y) =
0.8x−0.4xyX S�`� H� p�`B�#H2 y- H� 7mM+BƦM +Q``2bTQM/B2Mi2 2b g(t, x, y) =
−2y+0.2xyX P#bû`p2b2 ě2biQ 2b BKTQ`i�Mi2ě [m2 i�MiQ f +QKQ g TQ@
/`ő�M /2T2M/2` /2 t- �mM[m2 2M 2bi2 +�bQ MQ Q+m``� �bőX

RX S`BK2` T�bQ- t0 = 0X h2M2KQb [m2 x̃0 = x(0) = 18 v [m2
ỹ0 = y(0) = 3X
�V G� T2M/B2Mi2 /2 1mH2` /2 H� x 2M 2H TmMiQ BMB+B�H 2b,

me,x = f(t0, x̃0, ỹ0) = −7.2.

#V G� T2M/B2Mi2 /2 1mH2` /2 H� y 2M 2H TmMiQ BMB+B�H 2b,
me,y = g(t0, x̃0, ỹ0) = 4.8.

+V *�H+mH�KQb H� T`2/B++BƦM [m2 /�`ő� 2H �H;Q`BiKQ /2 1mH2`
T�`� H� x,
xe = x̃0 + h ·me,x = 18 + 0.25 · (−7.2) = 16.2.

/V *�H+mH�KQb H� T`2/B++BƦM [m2 /�`ő� 2H �H;Q`BiKQ /2 1mH2`
T�`� H� y,

ye = ỹ0 + h ·me,y = 3 + 0.25 · 4.8 = 4.2.

2V *�H+mH�KQb H� T2M/B2Mi2 /2 H� x 2M 2H TmMiQ }M�H,
mf,x = f(t0, x̃e, ỹe) = −14.256.

7 V *�H+mH�KQb H� T2M/B2Mi2 /2 H� y 2M 2H TmMiQ }M�H,
mf,y = g(t0, x̃e, ỹe) = 5.208.

;V G�b T2M/B2Mi2b K2/B�b bQM- TQ` i�MiQ,
mx = (−7.2− 14.256)/2 = −10.728,

my = (4.8 + 5.208)/2 = 5.004.

?V �bő [m2- TQ` }M,
x1 = x0 + h ·mx = 15.318

y1 = y0 + h ·my = 4.251.

kX a2;mM/Q T�bQ- t1 = 0.25X h2M2KQb [m2 x̃1 = 15.318 v [m2
ỹ1 = 4.251X
�V S2M/B2Mi2b /2 1mH2` UH�b /QbV,

me,x = f(t1, x1, y1) = −13.79233

me,y = g(t1, x1, y1) = 4.5214.
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#V S`2/B++BQM2b /2 1mH2`,
xe = x1 + h ·me,x = 11.87

ye = y1 + h ·me,y = 5.381.

+V S2M/B2Mi2b 2M 2H TmMiQ }M�H,
mf,x = f(t1, xe, ye) = −16.055

mf,y = g(t1, xe, ye) = 2.013.

/V S2M/B2Mi2b K2/B�b,
mx = (me,x +mf,x)/2 = −14.923

my = (me,y +mf,y)/2 = 3.267.

2V o�HQ`2b /2 x̃2, ỹ2,
x̃2 = x̃1 + h ·mx = 11.587

ỹ2 = ỹ1 + hṁy = 5.068.

GQb p�HQ`2b 2t�+iQb bQM x(0.5) = 11.7 2 y(0.5) = 5.131X a2 �T`2+B� mM�
Kmv #m2M� �T`QtBK�+BƦM T�`� HQ ;`�M/2 [m2 2b 2H T�bQ U0.25VX

S2`Q HQ K�b +H�`Q 2b HQ H�#Q`BQbQ /2H +�H+mHQX >Qv /ő� 2bi�b +m2Mi�b
b2 `2�HBx�M TQ` Q`/2M�/Q`X .m`�Mi2 2H T`Q;`�K� �TQHHQ- H� K�vQ`ő� /2
2bi�b QT2`�+BQM2b b2 HH2p�#�M � +�#Q � K�MQX ZmB2M2b HQ ?�+ő�M bQM HQb
?û`Q2b MQ `2+QMQ+B/Qb /2 H� *�``2`� 1bT�+B�H U�mM[m2 v� b2 ?� ?2+?Q
�H;mM� T2Hő+mH� �H `2bT2+iQVX

jX _2T`2b2Mi�+BƦM /2 mM� bQHm+BƦM
1M H� 6B;m`� R- b2 ?� `2T`2b2Mi�/Q mM 2D2KTHQ /2 bQHm+BƦM Umb�M/Q 2H

�H;Q`BiKQ /2 >2mMV /2H bBbi2K� /2 GQiF�@oQHi2``� /2 H� b2++BƦM �Mi2`BQ`X
P#bû`p2b2 U2biQ 2b [mBx�b HQ K�b BKTQ`i�Mi2 /2 2bi2 bBbi2K�V [m2 �K#�b
TQ#H�+BQM2b iB2M2M mM +QKTQ`i�KB2MiQ +`2+B2Mi2 v /2+`2+B2Mi2 +QM mM
/2b7�b2 2Mi`2 2HH�bX

*QM �H;Q /2 2b7m2`xQ b2 Tm2/2 p2`B}+�` [m2 HQb TmMiQb +`őiB+Qb /2 H�
7mM+BƦM x(t) b2 �H+�Mx�M +m�M/Q H� 7mM+BƦM y(t) p�H2 γ/δ v [m2 HQb TmMiQb
+`őiB+Qb /2 y(t) b2 �H+�Mx�M +m�M/Q H� 7mM+BƦM x(t) p�H2 α/β Uǯ+ƦKQ b2
Tm2/2 +QKT`Q#�` 2biQ\ 2b 7�+BH T2`Q `2[mB2`2 mM� 2tTHB+�+BƦMVX

aBM 2K#�`;Q- b2 b�#2 U/2b/2 2H TmMiQ /2 pBbi� i2Ʀ`B+QV [m2 2H bBbi2@
K� /2 GQiF�@oQHi2``� 2b T2`BƦ/B+QX G�b bQHm+BQM2b [m2 b2 ?�M /B#mD�/Q
MQ HQ bQM UbB mMQ +�H+mH�`� H�b bQHm+BQM2b T�`� iB2KTQb Km+?Q K�b H�`@
;Qb- p2`ő� +ƦKQ H�b 7mM+BQM2b b2 pm2Hp2M +�/� p2x K�b 2t�;2`�/�K2Mi2
ǳTmMiB�;m/�bǴVX
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6B;m`� RX 1D2KTHQ /2 bBbi2K� T`2/�/Q`@T`2b�X 1M 2bi2
bBbi2K�b b2 bmTQM2 bB2KT`2 [m2 HQb p�HQ`2b bQM ǳ/2MbB/�@
/2b /2 TQ#H�+BƦMǴX


